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Abstract

Elastic-collision problems are the foundations of all collision problems, and a bar and a beam can represent a typical and

simple structure. However, the elastic collision of a bar and a beam is a complicated phenomenon. The purpose of this

research is to clarify the relationship between the principal parameter and the kinetic characteristics that influence this

complicated elastic collision phenomenon, and to explain these on the basis of an impact force waveform, the apparent

coefficient of restitution, and energy distribution. We employed an analysis method in which the impact force assumes an

exponential function for the basic equation of the one-dimensional elastic vibration corresponding to the longitudinal

vibration of the bar and the lateral vibration of the beam, and in which the force satisfies the condition of continuity of the

displacement. In the experiment, assuming flat-surface contact, we directly detected collision phenomenon electrically

using PZT pasted onto the end surface of the collision bar. On the basis of this study, the key parameter in the above-

mentioned collision phenomenon is clarified, and an energy distribution situation and the influence of each parameter can

now be considered for arbitrary combinations of the bar and beam. Furthermore, it is assumed that there is a correlation

among the energy state after collision between a bar and a beam, the restitution state and the sound generated when a

beam and a bar collide. Therefore, it is important to analytically study the effect of key parameters on various energy

states. Thus, as our principal result, the complicated motion of a system involving an intermittent collision phenomenon

namely, an elastic bar and an elastic beam supported at both ends, was clarified theoretically and experimentally.

r 2007 Elsevier Ltd. All rights reserved.

1. Introduction

When a bar collides perpendicularly with a beam, longitudinal vibration is generated in the bar, while lateral
vibration is generated in the beam. Both the bar and beam have a definite elastic property; however, collision
phenomena between a bar and a beam are very complicated, since their elastic properties influence each other.
Regarding collision, particularly lateral collision, of a beam having a typical simple structure, Timoshenko
reported analytical results for a falling steel ball many years ago [1]. Majima and Nishida carried out a drop
test of a weight and reported intermittent-type collision within a short time [2]. With the advancement of
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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measurement instruments, the number of reports on measurement methods using strain gauges and
piezoelectric elements (PZTs) has been increasing [3–5]. However, detailed discussion has not been carried out
on intermittent-type collision between a bar and a beam. At the ATEM’ 99 and ICEM12 International
Conference, the authors demonstrated and reported the effectiveness of (1) the analytical method based on a
one-dimensional fundamental equation on collision phenomena between a bar and a beam to satisfy the
condition of continuity and (2) an experimental method of observing the collision phenomena [6] and
restitution characteristics [7] in terms of electrical characteristics. In this analytical method, rotatory inertia
and shear deformation of the beam are disregarded for simplicity. In addition, assuming impact force to be an
exponential function of time [8,9], the equations are solved such that the condition of continuity between the
bar and the beam are satisfied, in order to clarify the complicated motion phenomena during collision.

In this paper, a both-ends-supported beam, which is easily realized as a supporting condition, is used, and PZT is
pasted onto the end surface of the colliding bar and the collision phenomena are observed in terms of electrical
characteristics. A comparative study was also carried out on the key parameters in the analysis and experiment,
while changing collision position. Since the experimental and theoretical results generally were in good agreement,
we concluded that both our theory and experimental method are effective even under the condition that collision
position changes. Furthermore, the changes of in the kinetic characteristics of the bar and beam are discussed from
the viewpoint of changes in collision position, restitution characteristics and energy distribution.
2. Setting problem and outline of fundamental equations for analysis

A case in which an elastic bar (length: l1, cross-sectional area: A1, density: r1, longitudinal elastic coefficient:
E1, velocity of longitudinal wave: c1) collided perpendicularly with an elastic beam (l2, A2, r2, E2 and c2) at the
center of a beam or at a position lp from the center in the supported-end direction, at an initial velocity of V, is
considered (Fig. 1). The time at which the bar collides with the beam is assumed to be the origin of time (t).
2.1. Equation of motion for center of gravity of bar

Assuming impact force P(t) is applied to the end of the bar in the leftward direction due to collision, the center of
gravity of the bar U(t) is obtained by integrating under the initial condition of U ¼ 0 and dU/dt ¼ V at t ¼ 0:

r1l1A1
d2UðtÞ

dt2
¼ �PðtÞ. (1)

2.2. Equation of motion and elastic displacement of bar in collision

Impact force P(t) is applied to the end of the bar and the bar is subjected to elastic deformation. Assuming
the elastic deformation of the bar end to be u1(t), the equation of motion is

q2u1ðtÞ

qt2
¼ c21

q2u1ðtÞ

qx2
. (2)
l2

(−l1, 0)

(0, l2/2)

(0, −l2/2)

(0, 0)

(0, lp)

y

x

Fig. 1. Bar and beam.
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The boundary conditions are expressed as

at x ¼ 0,

E1A1
qu1ðtÞ

qx
¼
�PðtÞ ð0ptpTÞ;

0 ðTotÞ

(
(3)

at x ¼ �l1,

qu1ðtÞ

qx
¼ 0. (4)

The initial condition is given by

u1ðtÞ ¼ 0;
qu1ðtÞ

qt
¼ 0. (5)

The elastic deformation of the bar end can be determined by expanding the equation to an infinite series
using the natural angular frequency and the eigenfunction of a both-ends-free bar. The natural angular
frequency and eigenfunction of a both-ends-free bar are

n1n ¼ npc1=l1; Un ¼
ffiffiffiffiffiffiffiffiffi
2=l1

p
cosðnpx=l1Þ. (6)

The elastic deformation of the bar end is given by

u1ðtÞ ¼
�2

r1A1l1

X1
n¼1

1

n1n

Z t

0

PðxÞ sin n1nðt� xÞdx (7)

considering the displacement at x ¼ 0. here, n is the mode number.

2.3. Equation of motion and deflection displacement of beam at time of collision

The equation of motion of the beam is expressed by

q2u2ðtÞ

qt2
þ

E2I2

r2A2

q4u2ðtÞ

qy4
¼ 0, (8)

where I2 is the moment of inertia of area and u2(t) the deflection displacement of the beam. The deflection
displacement of the beam can be calculated by expanding the equation to an infinite series using eigenfunction
Wv(y) for both-ends-supported beam:

u2ðtÞ ¼
1

r2A2

X1
n¼1

1

n2n
W nðlrÞ

2

Z t

0

PðzÞ sin n2nðt� zÞdz. (9)

Here, assuming the first-mode natural angular frequency of the both-ends-supported beam is n21,
n2n ¼ n2n21 holds. Under this condition, the eigenfunction is expressed as

W nðlpÞ ¼

ffiffiffiffi
2

l2

r
sin np

lp

l2
þ

1

2

� �
(10)

and the deflection displacement of the beam at the time of collision is obtained. Here, lp/l2 is the collision
position ratio, i.e., the ratio of the distance between the beam center and the collision position to the length
between the supported ends.

2.4. Condition of continuity and apparent coefficient of restitution

A case in which a bar collided with a both-ends-supported beam at a position lp from the center of the beam
is considered. The displacement of the bar end is the sum of the displacement of the center of gravity U(t)
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obtained by integrating Eq. (1) and the elastic displacement of the bar end u1(t), and is given by

UðtÞ þ u1ðtÞ. (11)

Next, the displacement of the beam at the collision position, u2(t), when the impact force P(t) is applied to
the collision position, is assumed to be equal to Eq. (11), since the displacement of the bar end and that of the
beam at the collision position are equal during collision, and holds

UðtÞ þ u1ðtÞ ¼ u2ðtÞ. (12)

Assuming the displacement of the center of gravity of the bar before collision to be U0 and that added after
collision to be U1, the above equation is expressed Eq. (13):

U0 ¼ Vt ¼ u2ðtÞ � ðU1 þ u1Þ. (13)

Because the left-hand side of Eq. (13) changes linearly with time, the right-hand side should also change
similarly. The impact force P(t) is approximated using the following equation such that the right-hand side of
Eq. (13) changes as linearly as possible with time, as shown in Fig. 2(b), and both P1 and m1 are adjusted so
that the continuity condition of displacement is satisfied:

PðtÞ ¼ P1e
�m1t. (14)

Once Eq. (14) is determined, both the elastic deformation generated in the bar and the deflection
displacement generated at the collision position of the beam can be obtained as infinite series using the
eigenfunctions of the bar and beam. Here, the equations of displacement of the bar and beam are obtained as a
function of t, in which the mass ratio and natural frequency ratio of the bar and beam are used as parameters
and m1 as an unknown. By considering the collision position ratio contained in the eigenfunction of the beam,
it becomes possible to calculate the motion of the bar and the beam. Based on the equation for the distance
between the bar and the beam (¼ u2ðtÞ � fUðtÞ þ u1ðtÞg40), it is found that the bar end separates from the
beam. Collisions cease at this point, and the bar and beam will not collide again unless the distance between
the two becomes 0 before approximately 3/4 of the period of the beam. In this case, the bar and the beam
collide only once. In contrast, when they collide n times, they come into contact again at time Tn at which the
distance between the bar and the beam is 0 or less. Assuming an impact force expressed by

PðtÞ ¼ Pne�mnðt�TnÞ (15)

is applied to the bar, Pn and mn are determined such that the condition of continuity is satisfied, and the
displacement is calculated for the nth or later collisions. By this procedure, various impact force patterns are
obtained under various combinations of the three parameters, i.e., (1) the natural frequency ratio of the bar to
the beam n11/n21, (2) the mass ratio of the bar to the beam m1/m2 (1 and 2 refer to the bar and beam,
respectively), and 3) the collision position ratio (lp/l2 where lp: the distance between the beam center and the
collision position and l2: the length between the supported ends). When the bar and the beam collide n times,
b1

n11t

d 

Right side of eq. (13)P (t) = P1e−�1t

Time 

P1

Impact Force

0 T0

Left side of 

eq. (13)

0 2π

Fig. 2. Approximation of impact force by adjusting m1/n11 and continuity condition of displacement [8].
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the ratio of the velocity of the bar after final collision to the velocity before collision [6] is

1

V

dUn

dt
¼ 1� 2p

Xn�1
k¼1

ak

bk

n11

mk

1� e�ðm1=n11Þðn11T 0
k
�n11TkÞ

� ��" #"

þ
an

bn

n11

mn

1� e�ðm1�n11Þðn11t�n11TnÞ
� �#

. ð16Þ

Here, mn/n11, an and bn are the coefficients obtained when the equation is solved so that the condition of
continuity is satisfied. Eq. (16) is the ratio of the velocities for multiple collisions and not that of two velocities
for a single collision. Therefore, the absolute value of Eq. (16) is defined as the apparent coefficient of
restitution in this paper.

2.5. Equations of dimensionless impact force

When mn/n11, an and bn, which are obtained by solving the equation to satisfy the continuity condition of
displacement, are used, the impact force is nondimensionalized and expressed as

Pn ¼
an

bn

				
				2pVn11r1l1A1. (17)

In particular, in the equation of impact force for the first collision, an ¼ 1 and bn ¼ b1 and

P1 ¼
2p
b1

Vn11r1l1A1 (18)

holds. Here, the values for an and bn are the same as those in Eq. (16). By carrying out adjustment to satisfy the
continuity condition of displacement in Fig. 2, b1 is obtained, and the dimensionless impact force can be
determined.

2.6. Equations related to energy

It is difficult to experimentally study the energy state of a bar and a beam under the condition of no energy
dissipation. It is also difficult to construct accurate theoretical equations for the energy state for arbitrary
experimental equipment by taking into account energy dissipation. However, it is possible to compare
theoretical and experimental results for impact force and restitution conditions. If we can confirm a tendency
showing that experimental and theoretical results agree, it is possible to assume that the energy distribution
theory based on our principle is valid. In this study, we will attempt to derive an energy equation for studying
the effect of key parameters (i.e., natural frequency ratio, mass ratio, collision position ratio) related to the
energy distribution in a bar and a beam.

The kinetic energy of the bar before collision comprises: (1) kinetic energy of the bar after collision, (2)
elastic energy generated inside the bar, and (3) elastic energy of the beam. Elastic energy is calculated by
summing elastic kinetic energy and elastic potential energy. Thus, denoting the collision velocity to be V,
velocity of the center of gravity of the bar after collision to be V0, elastic displacement of the bar to be u1 and
elastic displacement of the beam to be u2, the elastic potential energy of the bar is given by

EP1 ¼
A1E1

2

Z l1

0

qu1

qx

� �2

dx. (19)

The elastic kinetic energy of the bar is given by

EK1 ¼
A1r1
2

Z l1

0

qu1

qt

� �2

dx. (20)

The elastic energy of the bar is given by

EE1 ¼ EP1þ EK1. (21)
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The elastic energy of the bar subjected to n collisions can be expressed by Eq. (22) after nondimensionalizing
it with the kinetic energy of the bar before collision (M1V

2/2).

EE1 ¼ 8p2
X1
n¼1

Xn�1
k¼1

ak

bk

1

n2 þ ðmk=n11Þ
2

ne�
mk
n11

n11 T 0
k
�Tkð Þ cos nn11 t� T 0k

� �h"24
� n cos nn11ðt� TkÞ �

mk

n11
e
�

mk
n11

n11 T 0
k
�Tkð Þ sin nn11 t� T 0k

� �
� sin nn11ðt� TkÞ

n oi

þ
an

bn

1

n2 þ ðmn=n11Þ
2

ne�
mn
n11

n11 tk�Tnð Þ
� n cos nn11 t� Tnð Þ þ

mn

n11
sin nn11ðt� TnÞ


 �#2

þ
Xn�1
k¼1

ak

bk

1

n2 þ ðmn=n11Þ
2
�ne�

mk
n11

n11 T 0
k
�Tkð Þ sin nn11 t� T 0k

� �
þ n sin nn11ðt� TkÞ

h"

�
mk

n11
e
�

mk
n11

n11 T 0
k
�Tkð Þ cos nn11 t� T 0k

� �
� cos nn11ðt� TkÞ

n oi
þ

an

bn

1

n2 þ ðmn=n11Þ
2

� �
mk

n11
e
�

mn
n11

n11 t�Tnð Þ
þ n sin nn11ðt� TnÞ þ

mn

n11
cos nn11 t� Tnð Þ


 �#235. ð22Þ

The elastic potential energy of the beam is given by

EP2 ¼
E2I2

2

Z l2
2

�
l2
2

qu2

qy2

� �2

dy. (23)

The elastic kinetic energy of the beam is given by

EK2 ¼
A2r2
2

Z l2
2

�
l2
2

qu2

qt

� �2

dy. (24)

Accordingly, the total elastic energy of the beam is given by

EE2 ¼ EP2þ EK2. (25)

The elastic energy of the beam subjected to n collisions can be expressed by Eq. (26) after
nondimensionalizing it with kinetic energy of the bar before collision:

EE2 ¼ 8p2
r1A1l1

r2A2l2

X1
n¼1

sin2np Pþ
1

2

� � Xn�1
k¼1

ak

bk

1

n4ðn21=n11Þ
2
þ ðmk=n11Þ

2

""
;

�
mk

n11
e
�

mk
n11

n11 T 0
k
�Tkð Þ sin n2

n21

n11
n11 t� T 0k
� �

� sin n2
n21

n11
n11 t� Tkð Þ


 �#
,

� n2
n21

n11
e
�

mk
n11

n11 T 0
k
�Tkð Þ cos n2

n21

n11
n11 t� T 0k
� �

� n2
n21

n11
cos n2

n21

n11
n11 t� Tkð Þ

�
,

þ
an

bn

1

n4ðn21=n11Þ
2
þ ðmk=n11Þ

2
,

� n2
n21

n11
e
�

mn
n11

n11ðt�TnÞ � n2
n21

n11
cos n2

n21

n11
n11ðt� TnÞ þ

mn

n11
sin n2

n21

n11
n11ðt� TnÞ


 �2
,

þ
Xn�1
k¼1

ak

bk

1

n4ðn21=n11Þ
2
þ ðmk=n11Þ

2

"
,
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� �n2
n21

n11
e
�

mk
n11

n11 T 0
k
�Tkð Þ sin n2

n21

n11
n11 t� T 0k
� �

þ n2
n21

n11
sin n2

n21

n11
n11ðt� TkÞ

�
,

�
mk

n11
e
�

mk
n11

n11 T 0
k
�Tkð Þ cos n2

n21

n11
n11 t� T 0k
� �

� cos n2
n21

n11
n11ðt� TkÞ


 �
,

þ
an

bn

1

n4ðn21=n11Þ
2
þ ðmk=n11Þ

2
,

� �
mn

n11
e
�

mn
n11

n11ðt�TnÞ þ n2
n21

n11
sin n2

n21

n11
n11ðt� TnÞ þ

mn

n11
cos n2

n21

n11
n11ðt� TnÞ


 �#235. ð26Þ

According to the law of energy conservation, the relationship below also holds:

1
2
M1V

2 ¼ 1
2
M1V

02 þ EE1þ EE2. (27)

3. Experimental apparatus and methods

As shown in Fig. 3, the experimental apparatus for the collision of a bar with a both-ends-supported beam
was fabricated, and the collision phenomena were detected using a PZT pasted directly onto the end surface of
the bar (Fig. 4). In this study, we focused on the measurement of the velocity of the center of gravity of the bar
before and after collision, which changes with collision position. Mainly steel and aluminum were used as the
beam and bar materials. For the observation of collision phenomena, the rail of the bar was supported at three
points in order to achieve planar contact between the bar and the beam, and an adjustment mechanism using
screws was attached. To confirm the planar contact, pressure-sensitive paper was used to judge the contact
conditions on the basis of the indentation conditions required to avoid inaccurate contact conditions (Fig. 5).
Since there were numerous cases in which the restitution conditions change greatly with a slight change in
collision position, we ensured that the center of the collision surface of the bar corresponded to the collision
Velocity sensor 

Probe

PC

Rail

Beam

AD converter

Fig. 3. Experimental setup.

Fig. 4. Bar and PZT.

Fig. 5. Planar and inaccurate contact.
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position of the beam. In this study, the apparent coefficients of restitution obtained under planar contacts
agree with their theoretical values. A circular bar with PZT on its end is placed on four steel balls set in the
grooves of a rail, and the bar is planarly collided with the both-ends-supported beam smoothly at a constant
velocity. The collision wave is observed as electrical signals by the time-course change in the potential
difference, which is proportional to the applied impact force. The detected signal is attenuated to 1/10 in the
probe, then converted to digital signals by an AD converter, and input into the digital oscilloscope or a PC.
The input signal is observed and measured on a PC using signal analysis software. The velocity signal is
detected using a laser feed monitor, as a velocity measurement unit. The velocities of the circular bar just
before and after the bar collides with the beam are converted into the electric signals of the change in potential,
which is proportional to the velocity, using a laser beam irradiated from the sensor head. These electric signals
are input to the PC and the digital oscilloscope through an AD converter. The results are displayed on a
screen. When a bar driven by a striker or by hand undergoes accelerating motion and separates from the
striker or hand, the bar undergoes uniform motion. After that, the bar collides with the beam and rebounds in
the opposite direction; however, the velocity of the bar decreases due to friction and stops at the stopper. The
behavior explained above is observed on the PC screen. The ratio of the velocity of the bar after collision V2 to
the velocity before the collision V1, V2/V1, is calculated using this output, for comparison with theoretical
values. Since the bar rebounds, V2 is a negative value; therefore, the velocity ratio is also negative. The
absolute value of this ratio is the apparent coefficient of restitution.
4. Comparison of analytical and experimental results of collision phenomena

4.1. Impact force pattern obtained when mass ratio, natural frequency ratio of bar and beam, and collision

position ratio are matched in analysis and experiment

To compare analytical results with experimental results, the three parameters used in the analysis, i.e.,
(1) mass ratio, (2) natural frequency ratio of the bar and the beam, and (3) collision position ratio, are
matched to the values adopted in the experiment as much as possible, and the wave patterns of collision
obtained by analysis and experiment are compared. In Figs. 6 and 7 the changes in impact force when the bar
collides with the beam at the center of the beam (Fig. 6) or at a position away from the center (Fig. 7) for cases
in which n11/n21 ¼ 90.4 and m1/m2 ¼ 0.49 (intermittent-type collision) are compared between the
experimental and analytical results as examples. The impact force analyzed here is nondimensionalized by
solving equations in which the condition of continuity is satisfied. When the bar and the beam collide
intermittently and when the bar collides with the beam at a position deviating from the center of the beam, the
number of collisions changes in both the experimental (Figs. 6(a) and 7(a)) and theoretical(Figs. 6(b) and 7(b))
results, and the two sets of results show extremely similar patterns with respect to the time axis.

A comparison of the experimental and theoretical results indicates that the impact force patterns are in good
agreement even with a change in collision position. When the bar collides with the beam at a position close to
the supported end, the number of collisions tends to decrease. This phenomenon is also observed in the impact
0
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0.02
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08000 40

Fig. 6. Impact force pattern (n11/n21 ¼ 90.4, m1/m2 ¼ 0.49 lp/l2 ¼ 0: center position): (a) experimental: aluminum bar (20mm

diameter� 500mm length)-aluminum beam (10mm� 50mm� 646mm), (b) theoretical.
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force patterns obtained by experiment and analysis. The above findings demonstrated that our analytical and
experimental methods are effective regardless of the number of collisions and collision position.

4.2. Motion pattern of bar and beam obtained by analysis

Referring to the above experimental results, the motion patterns of the bar and the beam are estimated
analytically. In Fig. 8, the upper wavy curve and the lower linearly changing line represent the displacements of the
beam and bar with time, respectively, and using same parameters as in Figs. 6 and 7. The vertical axis shows
nondimensionalized displacement, and the horizontal axis shows nondimensionalized time. Fig. 8 shows the
motion patterns of the bar colliding with the beam at the center of the beam (Fig. 8(a)), at the position lp/l2 ¼ 0.35
from the center (Fig. 8(b)). The material, shape and support conditions of the bar and beam are identical. For (a)
and (b), the bar and the beam collide once, separate and then come into contact again. A comparison of (a) and (b)
indicates that the contact conditions of the bar and beam change when the collision position moves from the center
of the beam towards the supported end. The number of collisions also changes. In addition, for a bar colliding in
the vicinity of the supported end of the beam, the bar collides with the beam only once. It is considered that since
the motion of the beam changes greatly, the impact force pattern also changes considerably. Regarding the
separation between the bar and the beam, the effect of the propagation condition of the longitudinal waves of the
bar is significant [3]. Based on the results of the analysis of this study, when only the collision position is different
for the same type of bar and beam under the same collision velocity, the motion of the beam is the main factor
governing the number of collisions. Therefore, even when the bar and beam collide at the same velocity, the
velocity after the final collision varies depending on collision position.

4.3. Three parameters and apparent coefficient of restitution

The ratio of the velocity of the bar after the final collision to the collision velocity is examined analytically
and theoretically with varying (1) natural frequency ratio, (2) mass ratio, and (3) collision position ratio. Fig. 9
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shows the results for one collision. The vertical axis indicates the ratio of the velocity of the bar after collision
to the velocity before collision (velocity ratio), and the horizontal axis indicates collision position ratio.

Fig. 9(a) shows the change in velocity ratio with changing collision position ratio when the mass ratio is
constant and natural frequency ratio varies. When natural frequency ratio decreases, the restitution velocity of
the bar increases, leading to an increase in the apparent coefficient of restitution. When the collision position is
changed, the velocity ratio takes a constant value up to a certain collision position ratio. However, there is a
collision position at which the apparent coefficient of restitution decreases in the vicinity of the supported end.
With increasing natural frequency ratio, this collision position approaches the supported end.

However, when the collision position further approaches the supported end, the apparent coefficient of
restitution becomes close to 1, i.e., the bar rebounds very well. Fig. 9(b) shows the change in velocity ratio with
changing collision position ratio when the natural frequency ratio is constant and the mass ratio varies. When
mass ratio increases, the restitution velocity of the bar decreases, leading to a decrease in the apparent
coefficient of restitution. With increasing mass ratio, the region in which the velocity ratio is constant narrows.
Similar to the case of Fig. 9(a), there is a collision position where the apparent coefficient of restitution
decreases, i.e., the restitution velocity of the bar decreases in the vicinity of the supported end. At this collision
position, the collision position ratio is approximately 0.4 under various mass ratio conditions. Fig. 10 shows
the change in velocity ratio with changing collision position ratio when the natural frequency ratio varies (a)
and when the mass ratio varies (b) for intermittent-type collision with mass ratio ¼ 0.49 and natural frequency
ratio ¼ 90.4. The plotting point in the figure is an experimental value of the combination, which is similar to
the analysis parameter. Unlike in the case of a single collision, the velocity ratio, i.e., the apparent coefficient
of restitution is not stable with changing collision position ratio. When natural frequency ratio decreases, the
collision position where the restitution velocity of the bar is low is random. In Fig. 10(b), with increasing mass
ratio, the region in which the velocity ratio takes a stable value is negligibly small; in other words, the velocity
ratio changes significantly even with a slight change in collision position ratio, which is not observed in the
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case of one collision. Furthermore, depending on the collision position, the bar rebounds more significantly
under a large mass ratio compared with a small mass ratio. Based on the results explained above, the apparent
coefficient of restitution, which is relatively stable for a single collision, changes significantly depending on the
collision position for intermittent collision.
4.4. Three parameters and energy distribution

Figs. 11 and 12 show the calculated energy distribution states of the bar and the beam subjected to one
collision. The left ordinate shows the energy ratio and the right ordinate shows the ratio of restitution velocity
to collision velocity. In the case of one collision, the absolute value of the ratio of restitution velocity to
collision velocity indicates the coefficient of restitution. The broken line in Figs. 11 and 12 represents the ratio
of restitution velocity to collision velocity. As shown in the figure, when the number of collisions is one and the
ratio of natural frequencies of the bar and beam is small, the proportion of kinetic energy of the bar is large
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regardless of the position of the collision. When the ratio of natural frequencies is increased while the mass
ratio is kept constant, the proportion of the elastic energy of the beam increases (Fig. 11). When the ratio of
natural frequencies is kept constant and the mass ratio m1/m2 is gradually increased, the proportion of elastic
energy of the beam again increases (Fig. 12).

In the case of one collision, there is a position, in the vicinity of the supporting point, where the elastic
energies of both the beam and the bar slightly increase, the kinetic energy of the bar decreases, and the
restitution of the bar becomes poor, when either the ratio of natural frequencies or the mass ratio is increased.
In contrast, for intermittent-type collisions, the phenomenon is much more complicated, and the restitution
condition and the energy distribution condition tend to vary with the change in parameters. However, in the
vicinity of the supporting point, there is a position where the elastic energies of both the bar and the beam
increase, and the kinetic energy of the bar becomes small leading to difficulty in rebounding, as is observed in
the case of one collision. In the case of n collisions, even if the restitution velocity is identical, the state of
elastic energy distribution can be different between the bar and the beam.
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4.5. Effects of collision position and of high-order vibration of beam

Fig. 13 shows the relationships between the ratios of the maximum amplitudes of the second- and higher-
order vibrations to that of the first-order vibrations of the beam after single collision, and the energy
distribution and coefficient of restitution for various collision positions lp/l2. At the center of the beam, the
even-order vibrations become nodes, and therefore, their amplitude is 0. As the position approaches the
supporting point, the maximum amplitude of higher-order vibration approaches that of the first-order
vibrations. With the increasing effect of the higher-order vibrations, the movement of the beam changes
significantly. Therefore, it is considered that the pattern of impact force changes greatly.

Fig. 14 shows the Theoretical relationship between the number of collisions and the energy distribution
condition at the center and in the vicinity of the supporting point. The circles J indicate the analytical
nondimensionalized restitution velocity ratios obtained by calculating Eq. (16), + and � symbols indicate the
velocities of the bar approaching and receding from the beam, respectively. The bar graph shows the energy
distribution, with the kinetic energy of the bar, elastic energy of the bar and elastic energy of the beam shown
from the top to the bottom. When the bar collides with the beam at the center, as shown in Fig. 14(a), the
proportion of elastic energy of the beam decreases and that of the kinetic energy increases with increasing
number of collisions. The elastic energy of the bar can either increase or decrease with increasing number of
collisions. An example of the energy distribution in the vicinity of the supporting point (Fig. 14(b)) indicates
that the proportion of elastic energy of the beam changes negligibly with increasing number of collisions.

5. Conclusions
1.
Fig

sta

line
The effectiveness of our analytical and experimental methods has been confirmed, since the theoretical
and experimental impact force patterns and restitution velocities resulting from the motion of the bar
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and the beam are in good agreement, under various natural frequency ratios, mass ratios and collision
positions.
2.
 The apparent coefficient of restitution is determined from (1) the natural frequency ratio of the bar and
beam f1/f2, (2) the mass ratio of the bar and beam M1/M2 and (3) the collision position ratio lp/l2. When two
bar and beam systems have the same parameter values, their restitution velocities are the same if their
collision velocities are the same, regardless of the material and dimensions of the bar and beam used.
3.
 When a bar collides with a beam once, the proportions of elastic energies remaining in the bar and
transferred to the beam increase and the proportion of the kinetic energy of the bar decreases with
increasing natural frequency ratio and mass ratio.
4.
 For intermittent collisions, because the number of collisions and the collision process differ depending on
the collision position, the proportion of elastic energy remaining in the bar and proportion of elastic energy
transferred to the beam for a particular collision position differs even when the restitution velocities is the
same.
5.
 For the energy distribution process during intermittent collisions, the elastic energy of the beam is
converted into the elastic energy and kinetic energy of the bar at the center of the beam, whereas at the
vicinity of the supporting point, the conversion of energy is limited and most of the elastic energy of the
beam remains unchanged.
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6.
 For both single and intermittent collisions, there is a position in the vicinity of the supporting point where
the elastic energy of the beam increases and the restitution (rebound) velocity of the bar decreases. If the
collision position ultimately approaches the supporting point, a slight change in the collision position will
lead to a significant change in the restitution velocity, because the restitution velocity of the bar increases.
7.
 For intermittent collisions, the change in the energy distribution state is substantial depending on the
collision position, accordingly, the restitution velocity of the bar changes. Therefore, the restitution velocity
of the bar, which depends on the collision position, varies.
8.
 In the vicinity of the supporting point, there is a collision position where the proportions of the elastic
energies of the bar and the beam are large and those of the kinetic energies are small for one collision. For
intermittent collisions, there is a collision position where most of the energy is composed of the elastic
energy of the beam.
9.
 The changes in the restitution velocity and energy state in the vicinity of the supporting point may be
caused partially by the significant effect of the second- and higher-order vibrations as well as that of the
first-order vibration.
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